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A little bit of mechanics

Nature makes the action

ty
) :/ Ldt
ta

as small as possible
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A little bit of mechanics

This happens when L = T — V satisfies

d (L) oL
dt \ox') ~ ox

These are the so called Euler-Lagrange equations
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For a free particle it's just a line

d [dx
(=) —p
(%)
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For a free particle it's just a line

line

d [dx
dt<dt>0 A

XA XB X

Figure: Motion of a free particle
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What about surfaces?
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What about surfaces?

Our best friend forever: S2 = {x e R3: Ix]|= R}
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What about surfaces?

Our best friend forever: S2 = {x e R3: Ix]|= R}

v2 = R?0% + R?¢?sin’ 0
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What about surfaces?

Our best friend forever: S2 = {x e R3: Ix]|= R}

v2 = R?0% + R?¢?sin’ 0

Which gives us ...
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What about surfaces?

é—sin9c059q52 =0

d+2cotdfp=0

Very complicated... let's use symmetry !
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What about surfaces?

Particle in the equator with constant angular velocity is a solution
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What about surfaces?

Particle in the equator with constant angular velocity is a solution

Symmetry says that every
Great Circle is a solution !

Figure: Great circle in purple S2
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Free particles moves in geodesics

In both cases the free particle takes the path of minimal length, i.e,
geodesics. This is a general property
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Free particles moves in geodesics

In both cases the free particle takes the path of minimal length, i.e,
geodesics. This is a general property

For a free particle, where x! = x and x? = y:
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Free particles moves in geodesics

In both cases the free particle takes the path of minimal length, i.e,
geodesics. This is a general property

For a free particle, where x! = x and x? = y:

%% =0

For a free particle in 82, where x! = 6 and x? = ¢:

4 (= sinxt cosx}) x2x% = 0

X% 4 (2cotx') x*%% = 0
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Geodesic equation for a general surface embedded in R3:
)?i + Z rIJkXJXk == 0
ik

Information about the curvature must be encoded in the numbers I_ijk,
called the Christoffel symbols
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Geodesic equation for a general surface embedded in R3:
)?i + Z rIJkXJXk == 0
ik

Information about the curvature must be encoded in the numbers I_ijk,
called the Christoffel symbols

From now on we use the Einstein convention, so the equation above
becomes:

X+ =0
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How to bend spacetime

The principle of equivalence together with the Newton's Second Law
implies that

X = (Vo) =f
with 0,f' = —4rnGp
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How to bend spacetime

The principle of equivalence together with the Newton's Second Law
implies that

X = (Vo) =f
with 0,f' = —4rnGp

Mixing time and space x* = (t, x, y, x)
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How to bend spacetime

The principle of equivalence together with the Newton's Second Law
implies that

X = (Vo) =f
with 0,f' = —4rnGp

Mixing time and space x* = (t, x, y, x)
x0=0
X — x50 =0

Geodesic equations in a curved spacetime!
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But why manifolds?

Neither spacetime itself require a coordinate system, nor the laws of
Physics
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But why manifolds?

Neither spacetime itself require a coordinate system, nor the laws of
Physics

Figure: Spacetime may be something crazy
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Topological Spaces
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Topological Spaces

Let M # (. A set 7 C P(M) is called a topology if
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Topological Spaces

Let M # (. A set 7 C P(M) is called a topology if
o ),Mecr;

o {A\bxernC7T = ,\U/\A)\ e
€
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Topological Spaces

Let M # (. A set 7 C P(M) is called a topology if
o ),Mecr;
o {A\bxenCT = U Arer;
AEA

n
o {A}i_,CT = kﬂlAk €T
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Topological Spaces

Let M # (. A set 7 C P(M) is called a topology if
o ),Mecr;
o {A\bxenCT = U Arer;
AEA

n
o {A}i_,CT = kﬂlAk €T

The pair (M, 1) is called a topological space. Elements of 7 are called
open sets.
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Continuous maps, Homeomorphism

A map f:(X,7x) — (Y, Ty) is said to be continuous if:

for every V € 7y, f71(V) € 7x
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Continuous maps, Homeomorphism

A map f:(X,7x) — (Y, Ty) is said to be continuous if:
for every V € 7y, f71(V) € 7x
A bijection X<25Y is said to be a homeomorphism if it's continuous both

ways.

We say that X and Y are homeomorphic if there's a homeomorphism
between them.
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Charts

Let (M, T) be a topological space. A chart in M is a pair (U, x) where
Uerand x: U— R"is a homeomorphism.
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Charts

Let (M, T) be a topological space. A chart in M is a pair (U, x) where
Uerand x: U— R"is a homeomorphism.

We call U a local coordinate neighborhood and x a coordinate system.
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Charts

Let (M, T) be a topological space. A chart in M is a pair (U, x) where
Uerand x: U— R"is a homeomorphism.

We call U a local coordinate neighborhood and x a coordinate system.

M RrR™

Figure: I've seen this before...
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Smooth Atlas

A smooth atlas A in a topological space (M, 7) is a collection of charts
A = {(Uy, xo)} such that:
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Smooth Atlas

A smooth atlas A in a topological space (M, 7) is a collection of charts
A = {(Uy, xo)} such that:

o It covers the whole space, i.e, M =, Ua

Thomas Felipe Campos Bastos (IFUSP) The Geometry of Spacetime March 28, 2018 15 / 68



Smooth Atlas

A smooth atlas A in a topological space (M, 7) is a collection of charts
A = {(Uy, xo)} such that:

o It covers the whole space, i.e, M =, Ua

e If (U,x) and (V,y) are any two charts that overlaps, i.e, UNV # ()
then the transition map
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Smooth Atlas

A smooth atlas A in a topological space (M, 7) is a collection of charts
A = {(Uy, xo)} such that:

o It covers the whole space, i.e, M =, Ua

e If (U,x) and (V,y) are any two charts that overlaps, i.e, UNV # ()
then the transition map

yox Lix(UNnV)CR" = y(UNV)CR"

is C°
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1

Figure: The transition map 1 o ¢~ must have derivatives of all orders
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Smooth Manifolds

A topological space (M, ) together with a smooth atlas A is called a
smooth manifold.

We also require that the topological space is Hausdorff for good properties
to hold.
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Examples of Manifolds

M = R" with the standard topology and atlas given by just one chart
(U =R",x = id) is trivially a smooth manifold.
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Examples of Manifolds

M = R" with the standard topology and atlas given by just one chart
(U =R",x = id) is trivially a smooth manifold.

M = S? is a manifold

Every surface in R® is a manifold
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Examples of Manifolds

M = R" with the standard topology and atlas given by just one chart
(U =R",x = id) is trivially a smooth manifold.

M = S? is a manifold

Every surface in R® is a manifold

Klein Bottle, torus, Mobius Strip ...
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Functions And Curves

Now transfer the notion of smoothness in R” to smoothness in M:
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Functions And Curves

Now transfer the notion of smoothness in R” to smoothness in M:

We say that a function f : M — R is of class C* if
fox 1:x(M)CR"— Ris of class C* for all charts.
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Functions And Curves

Now transfer the notion of smoothness in R” to smoothness in M:

We say that a function f : M — R is of class C* if
fox 1:x(M)CR"— Ris of class C* for all charts.

We say that a curve v : | C R — M is of class C* if
xoy:l CR — x(M)CR"is of class C* for all charts.
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Functions And Curves

Now transfer the notion of smoothness in R” to smoothness in M:

We say that a function f : M — R is of class C* if
fox 1:x(M)CR"— Ris of class C* for all charts.

We say that a curve v : | C R — M is of class C* if
xoy:l CR — x(M)CR"is of class C* for all charts.

Everything is well-defined if the atlas is smooth!!
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If (U,x) and (V,y) are any two charts that overlaps and ~y is a smooth
curve:

yoy=(yox 1) o(xon)
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If (U,x) and (V,y) are any two charts that overlaps and ~y is a smooth
curve:

yoy=(yox 1) o(xon)

1

The transition map y ox~* is smooth, thus smoothness in -y is well-defined.
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Tangent Vector
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Tangent vector

Let p€ M and 7y : 1 C R — M a smooth curve where v(tp) = p.
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Tangent vector

Let p€ M and 7y : 1 C R — M a smooth curve where v(tp) = p.

The tangent vector to p, X, is the operator which maps smooth functions
f: M — R to number:

d(f o)
X, f ——(t
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Tangent Space

The set T,(M) of all tangent vectors to a point p € M is a vector space.
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Tangent Space

The set T,(M) of all tangent vectors to a point p € M is a vector space.

Linear algebra tells us that every vector space has a basis.
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Tangent Space

The set T,(M) of all tangent vectors to a point p € M is a vector space.
Linear algebra tells us that every vector space has a basis.

Let's find a useful one:
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Chart-induced basis

Let p € M and (U, x) a chart such that p € U, then for every
X, € Tp(M):
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Chart-induced basis

Let p € M and (U, x) a chart such that p € U, then for every
X, € Tp(M):

d(fory) O(fFox1)d(xon)k
XN = =g = oxk dt

for some curve «
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Chart-induced basis

Let p € M and (U, x) a chart such that p € U, then for every
X, € To(M):
d(fory) O(fFox1)d(xon)k

Xp(f) = =
p(F) dt Oxk dt

for some curve «

d(x oy)ka(f ox71)

Xo(f) = dt Oxk

Remark: x(p) = (x*(p), ..., x"(p))
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Some definitions

We call (x o )k := ~* the k-th component of the curve.
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Some definitions

We call (x o )k := ~* the k-th component of the curve.

Define the operator % as the one that acts on a function like

0 I(f ox71)

Oxk (f) Oxk
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Some definitions

We call (x o )k := ~* the k-th component of the curve.

Define the operator % as the one that acts on a function like

0 _O(fox71)
8x"(f) - Oxk

In fact, the operator aik is an element of T,(M).
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Some definitions

We call (x o )k := ~* the k-th component of the curve.

Define the operator % as the one that acts on a function like

0 () = I(f ox71)
oxkY 7 Oxk
6 .
In fact, the operator 57 is an element of T,(M).
The set of vectors {%, ey %} are linearly independent!
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Chart-induced basis

This definitions give us a nice expression:

Xp(f) = dt Oxk
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Oxk
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Chart-induced basis

This definitions give us a nice expression:

d(x o)k 9(f o x71) _ k0

X,(f) = f
P( ) dt 8Xk 0 axk( )
which is equivalent to say
0
k
Xp =1 Oxk
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Chart-induced basis

This definitions give us a nice expression:

d(x o)k 9(f o x71) _ k0

X,(f) = f
P( ) dt 8Xk 0 axk( )
which is equivalent to say
0
_ Ak
Xp =1 Oxk

Thus {%, s %} is a basis for T,(M).
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One-forms

A one-form is a linear map w : T,(M) — R, i.e, for all vectors
X,Y € To(M)and a € R

wX+aY)=w(X)+ aw(Y)
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One-forms

A one-form is a linear map w : T,(M) — R, i.e, for all vectors
X,Y € To(M)and a € R

wX+aY)=w(X)+ aw(Y)

With the point sum (w! + aw?)(X) = w!(X) + a.w?(X)
the set of all one-forms T;(M) in p € M is a vector space.
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Differential

The differential of function f is a one-form df : T,(M) — R such that

df(X) = X(f) for all vectors X € T,(M)
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Differential

The differential of function f is a one-form df : T,(M) — R such that

df(X) = X(f) for all vectors X € T,(M)

The homeomorphism of a chart x gives rise to the differentials of the
coordinate components dx*
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Chart-induced basis, again...

Let p € M and (U, x) a chart such that p € U. The set of forms
{dx!,...,dx"} is a basis of Ty (M):
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Chart-induced basis, again...

Let p € M and (U, x) a chart such that p € U. The set of forms
{dx!,...,dx"} is a basis of Ty (M):

@ Is linearly independent ajdx' =0 < o/ =0
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Chart-induced basis, again...

Let p € M and (U, x) a chart such that p € U. The set of forms
{dx!,...,dx"} is a basis of Ty (M):

@ Is linearly independent ajdx' =0 < o/ =0

o Generates T,(M), ie, w = w(a%k)dxk
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Chart-induced basis, again...

Let p € M and (U, x) a chart such that p € U. The set of forms
{dx!,...,dx"} is a basis of Ty (M):

@ Is linearly independent ajdx' =0 < o/ =0

o Generates T,(M), ie, w = w(a%k)dxk

The bases {%} and {dx'} are said to be dual:

i a 8 i i
dx (axk) = 9xk ) =0
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Gradient of a Function

In particular, the differential of a function f € C>°(M) can be written as

_ 9 k
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Gradient of a Function

In particular, the differential of a function f € C>°(M) can be written as
9 k

Thus we generalize the notion of gradient!
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Tensors

Let p € M, a tensor of type (r,s) at p is a multilinear map

T:Tyx .. xTyxTpx..xTp=(T,) x(Tp)” =R
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Tensors

Let p € M, a tensor of type (r,s) at p is a multilinear map
T:Tyx .. xTyxTpx..xTp=(T,) x(Tp)” =R

Which means that T is linear in each argument:
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For every vectors Xy, X; € T, and scalars a, b € R:

T(wl, W, Xty a X + b.X), 0, Xs) =
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For every vectors Xy, X; € T, and scalars a, b € R:

T(wh W, X1, o a Xk + b.X), o, Xs) =

aT(wh, oy X1y ooy Xy ooy Xs) 4+ b T(wh w0, X0, oy Xy oy X)
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For every vectors Xy, X; € T, and scalars a, b € R:

T(wh W, X1, o a Xk + b.X), o, Xs) =

aT(wh, oy X1y ooy Xy ooy Xs) 4+ b T(wh w0, X0, oy Xy oy X)

And the same for one-forms.
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Tensor Operations

We can sum tensors and multiply by scalars:

(T+aT) (W, .. w' Xy, .., Xs) =

T(wh oW, X1,y Xs) + T/ (W 0", X, ey X)
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Tensor Operations

We can sum tensors and multiply by scalars:

(T+aT) (W, .. w' Xy, .., Xs) =

T(wh oW, X1,y Xs) + T/ (W 0", X, ey X)

This give the structure of a vector space to the set T/(p) of all (r,s)
tensors defined in 77 x ... X T; X Tp x ... x Tp
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We can multiply a tensor by another tensor: If R e T/ and S € T,k are

tensors, the tensor product R® S € Tsri/k is defined as

(R® S)(w?, .oy, ™5 X, oy Xy o X)) =

1 1 k
R(wh, ..,w" X1, .oy Xs) - S w5 Xeg1, ooy Xoad)
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Chart-induced basis, again...

If {52}, {dx'} are dual basis of T, and T}, then the set:
a d b1 d bs
{8x31 D@ 5o @A @ © dx }

is a basis of T/(p), where every index a;, b; € {1, ...,n}
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Chart-induced basis, again...

If {52}, {dx'} are dual basis of T, and T}, then the set:

9 5. @ ®dx @ ... @ dxb}

Oxa oxar

{

is a basis of T/(p), where every index a;, b; € {1, ...,n}

There will be n"+5 basis tensors
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Thus every (r,s) tensor can be written as:

T — Talmarbl...bs % ®...® o] ® de1 R..Q® des

Oxar
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Thus every (r,s) tensor can be written as:

T — Talmarbl...bs % ®...® o] ® de1 R..Q® des

Oxar

If it wasn't for Einstein's convention:

..ar o) 9 s
T = 2o by b T b, 5y @ ® o QX © ... @ dx®
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WHO WOULD WIN?

The Greek letter Sigma
denoting a summation

Some patent clerk

Figure: Einstein dies of ligma
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(skew) Symmetric part of a Tensor

Let T be a (2,0) tensor, the symmetric part of 7212 is the (r,s) tensor
defined as:

T(a1a2) l (T212%2 4 T2a)
2!
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(skew) Symmetric part of a Tensor

Let T be a (2,0) tensor, the symmetric part of 7212 is the (r,s) tensor
defined as:

T(a1a2) l (T212%2 4 T2a)
2!

Similarly, the skew symmetric tensor T[22 js

1 (TalaZ _ Ta231)

Tlaa] — =
2!
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(skew) Symmetric part of a Tensor

The symmetric part of T##%, , , in the a, indices is the (r,s) tensor

T(ala}”ar)blbz...bs defined as:

1 . .
7_(,—,;1_..ar)b1 b = (sum of all permutations of the a’r indices)
s rk
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(skew) Symmetric part of a Tensor

The symmetric part of T##%, , , in the a, indices is the (r,s) tensor
T(alag...a,)

by bo...be defined as:

7—(=?1---3r)b1 b = (sum of all permutations of the a’r indices)
s rk

Similarly, the skew symmetric tensor T[‘:"l“’u'"‘;"]blbzmbS is

T[al---ar]b

by =77 (alternating sum of all permutations of the a'r indices)
wbs oyl
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Contraction

Let T, ,, be a tensor of type (2,2), the contraction of T in the first
two indices is a (1, 1) tensor defined as:

c(T)2, = Ta*

2 arby
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Contraction

Let T, ,, be a tensor of type (2,2), the contraction of T in the first
two indices is a (1, 1) tensor defined as:

c(T)2, = Ta*

2 arby

The generalization for a (r,s) tensor is immediate
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Tensor field

A vector field is an association X : M — [J, Tp(M) in a way that if p € M
then X(p) = X, € To(M)
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Tensor field

A vector field is an association X : M — [J, Tp(M) in a way that if p € M
then X(p) = X, € To(M)

A tensor field of type (r,s) is defined in a similar manner, where
T:M>3p— T(p) € T{(p)
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Connection

Let X be a vector field and T a (r,s) tensor field defined in a smooth
manifold M. A connection V is a map:

V:(X,T)—= VxT
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Connection

Let X be a vector field and T a (r,s) tensor field defined in a smooth
manifold M. A connection V is a map:

V:(X,T)—= VxT

where Vx T is a (r,s) tensor field, called the covariant derivative.
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Connection

Let X be a vector field and T a (r,s) tensor field defined in a smooth
manifold M. A connection V is a map:

V:(X,T)—= VxT

where Vx T is a (r,s) tensor field, called the covariant derivative.

It must satisfies the following properties:
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Axioms for V

o If f € C>°(M), then Vxf = X(f)
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Axioms for V

o If f € C>°(M), then Vxf = X(f)

o If « € R and Y, Z are tensor fields, then
Vx(aY +2Z)=aVxY +VxZ
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Axioms for V

o If f € C>°(M), then Vxf = X(f)

o If « € R and Y, Z are tensor fields, then
Vx(aY +2Z)=aVxY +VxZ

o (Leibniz's rule) Vx(T®R)=VxT® R+ T® VxR
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Axioms for V

If f € C°(M), then Vxf = X(f)

If « € R and Y, Z are tensor fields, then
Vx(aY +2Z)=aVxY +VxZ

o (Leibniz's rule) Vx(T®R)=VxT® R+ T® VxR

If f € C*°(M) and X, Y are vector fields, then
Vixey T =fVxT+VyT
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Connection coefficients

For a vector field Y, we can calculate the covariant derivative as follows:

)
\V4 — Vo . k
XY = Vg, <Y axk>
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Connection coefficients

For a vector field Y, we can calculate the covariant derivative as follows:

)
\V4 — Vo . k
XY = Vg, <Y axk>

, ) , )
=X’ Y@ — + XYk 5 ——
VoV @gx TXY OV 5k
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Connection coefficients

For a vector field Y, we can calculate the covariant derivative as follows:

)
\V4 — Vo . k
XY = Vg, <Y axk>

, ) , )
=X’ Y@ — + XYk 5 ——
VoV @gx TXY OV 5k

0 .

(YY) g + X' YAV,
8X’( )8x’< + V% Oxk
we don't know the precise form of V
(field)!

0 0

Xi

%, but we know that it's a vector

8 -
ox!
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Connection coefficients

% in a basis:

o . 0
8 —F = —
2 Oxk ki 9xa

So we can expand V &
ox!

\%
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Connection coefficients

So we can expand Vi% in a basis:
ox!

0 g O
V2 gk = higya
Therefore
.0 . 0
_ i Y q iyvkra 2
VxY <X 8xf(y )+ X' YT k,) e
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Connection coefficients

So we can expand Vi% in a basis:
ox!

0 g O
V2 gk = higya
Therefore
.0 . 0
— i q iyvkra 2
VxY <X 8xf(y )+ X' YT k,) e

The Fqki are called the connection coefficients.
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They are the same for a one-form

With the same construction we can get, for one-forms w:

Vxw = <x" 8.(wj) — x"wkrkj,.> dx

ox!
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They are the same for a one-form

With the same construction we can get, for one-forms w:

i 0 i j
vxw = <X axi (WJ) - X Wkrkjl'> dX‘l

And for a general tensor field we apply the Leibniz rule many times using
the same construction to get to the general formula:
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They are the same for a one-form

With the same construction we can get, for one-forms w:

i 0 i j
vxw = <X axi (WJ) - X Wkrkjl'> dX‘l

And for a general tensor field we apply the Leibniz rule many times using
the same construction to get to the general formula:

;0
(VXTY % = X'

ai...ar
Oxi T b

1---bs

+ Xk ijarbl...bs raljk + all terms in the upper indices

=X T [k, — all terms in the lower indices
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Parallel Transport

Let v:/ C R — M. The tangent vector field v, is such that if p = (t)

for some t € /, then v, (p) = »'yk(p)%
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Parallel Transport

Let v:/ CR — M and v, be the tangent vector field defined as before. A
vector field X is said to be parallelly transported along ~ if

V., X =0
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Parallel Transport

Let v:/ CR — M and v, be the tangent vector field defined as before. A
vector field X is said to be parallelly transported along ~ if

V., X =0

keep vector
. constant

Fa

q

P
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Autoparallel curves

The curve that moves as straight as possible has its tangent vector field
parallelly transported along -y, therefore

Vv, =0
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Autoparallel curves

The curve that moves as straight as possible has its tangent vector field
parallelly transported along -y, therefore

Vv, =0

In components this is just

o 0. o
A7 (1) + 4 T = 0

Thomas Felipe Campos Bastos (IFUSP) The Geometry of Spacetime March 28, 2018 49 / 68



Autoparallel curves

The curve that moves as straight as possible has its tangent vector field
parallelly transported along -y, therefore

Vv, =0

In components this is just

o 0. o
A7 (1) + 4 T = 0

¥9 + rqnm,ym,-yn =0
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Parallel transport

C

Figure: Parallel transport in flat space Figure: Parallel transport in S?
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Vy

«O> <Fr o« -



Curvature

/ The non-commutative behavior of

the covariant derivative measures the
v, ' curvature:

0
OxF oxV
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Let V be a vector field, then

(R
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Let V be a vector field, then

(R

2 V)

Ox\

0 0 PA PrA o A
(er — T e = T ) Vo =2, (V
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Let V be a vector field, then

(R

(Vo V)

AxA

0 0
p P A P A o _ A
(8x#r Vo axer + 00 e =TT /w> Ve —2r

If I_/\[W] = 0 the curvature is contained in the proportional term , the
Riemann tensor:

o 9 9

P A P
Mrpya - @rpa +T H)\r vo r u)\r uo

ouY
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Torsion tensor and Riemann tensor

The torsion of a connection V is the (1,2) tensor field

T(w, X, Y)=w(VxY = VyX — [X,Y])
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Torsion tensor and Riemann tensor

The torsion of a connection V is the (1,2) tensor field

T(w, X, Y)=w(VxY = VyX — [X,Y])

where [X, Y] is the commutator vector field such that
[X,Y]f = X(Y(f)) — Y(X(f)) for every f € C>*(M)
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Torsion tensor and Riemann tensor

The torsion of a connection V is the (1,2) tensor field

T(w, X, Y)=w(VxY = VyX — [X,Y])

where [X, Y] is the commutator vector field such that
[X,Y]f = X(Y(f)) — Y(X(f)) for every f € C>*(M)

If T =0 the connection is said to be torsion-free
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Torsion tensor and Riemann tensor

The torsion of a connection V is the (1,2) tensor field
T(w,X,Y)=w(VxY - VyX —[X,Y])

where [X, Y] is the commutator vector field such that

[X,Y]f = X(Y(f)) — Y(X(f)) for every f € C>*(M)

If T =0 the connection is said to be torsion-free

TabC — 2.ra[bc] — 0 — rabc — racb
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Torsion tensor and Riemann tensor

The Riemann tensor is the (1, 3) tensor field

R(w,Z,X,Y) =w(VyVxZ - VxVyZ — Vix.y|Z)
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Torsion tensor and Riemann tensor

The Riemann tensor is the (1, 3) tensor field

R(w,Z,X,Y) =w(VyVxZ - VxVyZ — Vix.y|Z)

In components of a chart:

a 9 a 9 a a a
R bed — %(r db) - @(r cb) +T cfrfdb -r dfrfcb
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Torsion tensor and Riemann tensor

The Riemann tensor is the (1, 3) tensor field

R(w,Z,X,Y) =w(VyVxZ - VxVyZ — Vix.y|Z)

In components of a chart:

a 9 a 9 a a a
R bed — %(r db) - @(r cb) +T cfrfdb -r dfrfcb

The contraction of the Riemann tensor gives the Ricci tensor:

_ pc
Rab - Racb
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Useful Identities

The Riemann tensor is skew symmetric in the last indices:

R ab(cd) =0
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Useful Identities

The Riemann tensor is skew symmetric in the last indices:

R ab(cd) =0

Is symmetric in the lower indices:

Ra[bcd] =0
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Useful Identities

The Riemann tensor is skew symmetric in the last indices:

R ab(cd) =0

Is symmetric in the lower indices:
a —
Rbea) =0

Later we'll see the geometrical significance of the Riemann tensor
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Metric

Let M a smooth manifold. A metric g = gjidx’ ® dx’/ is a tensor field of
type (0,2) such that:
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Metric

Let M a smooth manifold. A metric g = gjidx’ ® dx’/ is a tensor field of
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e g(X,Y)=g(Y,X) for all vector fields X, Y
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Metric

Let M a smooth manifold. A metric g = gjidx’ ® dx’/ is a tensor field of
type (0,2) such that:

e g(X,Y)=g(Y,X) for all vector fields X, Y

o If there exist a vector field X such that g(X,Y) =0 for all Y, then
X =0
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Metric

Let M a smooth manifold. A metric g = gjidx’ ® dx’/ is a tensor field of
type (0,2) such that:

e g(X,Y)=g(Y,X) for all vector fields X, Y

o If there exist a vector field X such that g(X,Y) =0 for all Y, then
X =0

For every point we associate smoothly a symmetric non-degenerate bilinear
form in Tp(M).
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"Raising” indices, Signature

The matrix of the components of the metric (gjj) is symmetric and
non-singular, so there exist an inverse (g;)~* = (g¥).
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"Raising” indices, Signature

The matrix of the components of the metric (gjj) is symmetric and
non-singular, so there exist an inverse (g;)~* = (g¥).

Define the unique (2,0) tensor field g~ whose components are (g¥) :

2 2.
Oxi = Oxd

g l=4g"
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"Raising” indices, Signature

The matrix of the components of the metric (gjj) is symmetric and
non-singular, so there exist an inverse (g;)~* = (g¥).

Define the unique (2,0) tensor field g~ whose components are (g¥) :

i 0 o0
£ _gax" OxJ

Therefore we have an 'isomorphism’ between the space of all vector fields
and the space of all one-form fields: w, = g,pX?
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"Raising” indices, Signature

The signature s of a metric is the number of positive eigenvalues minus
the number of negative eigenvalues of the matrix (gj)
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"Raising” indices, Signature

The signature s of a metric is the number of positive eigenvalues minus
the number of negative eigenvalues of the matrix (gj)

A smooth n-dimensional manifold with a metric is a Riemannian manifold
if s=n
gjj = diag(+1,....,+1)
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"Raising” indices, Signature

The signature s of a metric is the number of positive eigenvalues minus
the number of negative eigenvalues of the matrix (gj)

A smooth n-dimensional manifold with a metric is a Riemannian manifold
if s=n
gjj = diag(+1,....,+1)

A smooth n-dimensional manifold with a metric is a pseudo Riemannian
manifold if s < n

g5 = diog(+1, .. 1,1, 1)
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"Raising” indices, Signature

The signature s of a metric is the number of positive eigenvalues minus
the number of negative eigenvalues of the matrix (gj)

A smooth n-dimensional manifold with a metric is a Riemannian manifold
if s=n

gjj = diag(+1,....,+1)
A smooth n-dimensional manifold with a metric is a pseudo Riemannian
manifold if s < n

gj = diag(+1,....,+1,-1,...,-1)
A metric on a n-dimensional smooth manifold is a Lorentz metric if

s=n—2
gj = diag(+1,....,+1,-1)
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Connection from the metric

With a metric we can define a unique torsion-free connection with the
compatibility condition:

Vxg = 0 for all vector fields X
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Connection from the metric

With a metric we can define a unique torsion-free connection with the
compatibility condition:

Vxg = 0 for all vector fields X

We can show that the connection coefficients satisfies:

1 o B 0
q _
My = 587" (5, 78mi + 5. 78mi — 5,m8i)
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Facts about the Riemann Tensor

o If the Riemann tensor vanishes in a simply-connected region, we can
construct a chart (U, x) where the gj are constants in U
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Facts about the Riemann Tensor

o If the Riemann tensor vanishes in a simply-connected region, we can
construct a chart (U, x) where the gj are constants in U
o Considering the index symmetries in the Riemann tensor, there exist

4 n?(n* — 1) independent components
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Facts about the Riemann Tensor

o If the Riemann tensor vanishes in a simply-connected region, we can

construct a chart (U, x) where the gj are constants in U

o Considering the index symmetries in the Riemann tensor, there exist
4 n?(n* — 1) independent components

@ The scalar curvature is defined as R = g?’R,p,
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Geodesics

If v: R — M is a curve on a smooth manifold with a metric g, the length
of the path between two points v(t) = p, v(t) = q is:

t
L= [ \levv)lae
to
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Geodesics

If v: R — M is a curve on a smooth manifold with a metric g, the length
of the path between two points v(t) = p, v(t) = q is:

t
L= [ \levv)lae
to

A geodesic is a stationary curve of the L functional.
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Some thoughts on Minkowski Spacetime

Minkowski spacetime is a four dimensional smooth manifold M with a
Lorentz metric 7 such that everywhere:

n=—-dt@dt+dx®dx+dy ®dy + dz® dz
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Some thoughts on Minkowski Spacetime

Minkowski spacetime is a four dimensional smooth manifold M with a
Lorentz metric 7 such that everywhere:

n=—-dt@dt+dx®dx+dy ®dy + dz® dz

i.e, it takes the diagonal form
nij = diag(—1,1,1,1)

in a unique chart that covers M.
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Causal structure

For every vector field X in spacetime we have:

n(X, X) = ndx'(X)dx! (X) = mdx’ dx/
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Causal structure

For every vector field X in spacetime we have:
n(X, X) = ndx'(X)dx! (X) = mdx’ dx/

For every vector X € T,(M)
e If n(X,X) >0, X is said to be spacelike
e If n(X,X) <0, X is said to be timelike
o If n(X,X) =0, X is null
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Causal structure

For every vector field X in spacetime we have:
n(X, X) = ndx'(X)dx! (X) = mdx’ dx/

For every vector X € T,(M)
e If n(X,X) >0, X is said to be spacelike
e If n(X,X) <0, X is said to be timelike
o If n(X,X) =0, X is null

The proper time is represented by

dr? = —n;jdxidxj
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It has no curvature

The metric components 7;; = diag(—1,1,1,1) are constants everywhere
and the connections coefficients Fqij = 0 vanishes...
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It has no curvature

The metric components 7;; = diag(—1,1,1,1) are constants everywhere
and the connections coefficients Fqij = 0 vanishes...

so does the riemannian curvature tensor R _, =0
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Geodesics

In a chart (U, x) that cover the path, the geodesic equation satisfies:

5L—/1(5g(v7,v7)dt—0
2 g(V77V"/)
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Geodesics

In a chart (U, x) that cover the path, the geodesic equation satisfies:

5L—/1(5g(v7,v7)dt—0
2 g(V77V"/)

Choose the proper time as affine parameter, so g(vy, v,) = —1

JL = ;/5g(v7, vy)dT =46 (;/g(vy, vw)dr)
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Geodesics

In a chart (U, x) that cover the path, the geodesic equation satisfies:

5L—/1(5g(v7,vw)dt—0
2 g(V77V"/)

Choose the proper time as affine parameter, so g(vy, v,) = —1

JL = ;/5g(v7, vy)dT =46 (;/g(vy, vw)dr)

The problem reduces to £ = %g(vw, vy) = %g;ﬂ""yj
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Geodesics

Using the Euler-Lagrange equations...

d*y7 1 G, 0 0 . dvy dyk
Zoqm . _ [ e W S —
dr? + 28 (8x’ng + axfg"“ 8xmg’1) dr dr

Aha!

d27q rqﬂdi’yk —
dr2 Udr dr

A null geodesic cannot be parametrized by the proper time.
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Spacetime

Spacetime is a four dimensional connected smooth manifold with a
Lorentz metric
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Spacetime

Spacetime is a four dimensional connected smooth manifold with a
Lorentz metric

The relation of the curvature with the energy-momentum tensor T, is
given by the Einstein’s Field Equations

1
Rab - §gabR = 87rGTab
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That's all folks !
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